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Abstract. Let p : Y — > X be a Galois cover of smooth projective 
curves over C with Galois group n. This paper is devoted to the 
study of principal orthogonal and symplectic bundles E on Y to 
which the action of n on Y lifts. We notably describe them in- 
trinsically in terms of objects defined on X and call these objects 
parahoric bundles. We give necessary and sufficient conditions for 
the non-emptiness of the moduli of stable and semi-stable parahoric 
special orthogonal, symplectic and spin bundles on the projective 
line P 1 . 
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1. Introduction 



Let X be a smooth projective curve over the field of complex numbers 
C. Let p : Y — > X be a Galois cover of smooth projective curves with 
Galois group tt. By a ir-G bundle, we mean a principal G-bundle E on 
Y such that the action of 7r lifts to E. 

In the case G = GL n , following [Til Mehta-Seshadri] one knows 
that 7r-GL n -bundles are described intrinsically on X as parabolic vec- 
tor bundles , i.e., vector bundles on X together with a flag structure 
equipped with weights on some points of X. 

In this paper we study this problem for the case of classical groups 
with the view towards obtaining more explicit intrinsic descriptions 
and using them to give necessary and sufficient conditions for non- 
emptiness of moduli on P 1 . Our objective is to show how the results 
in [Tj BS] can be seen more explicitly in terms of a vector bundle W 
equipped with a non-degenerate 7r-invariant quadratic form q' on some 
Galois cover. This approach is closer in spirit to Seshadri JT8J CSS] 
and to Ramanan [T3J R] . In particular since the group O n is not simply 
connected and disconnected, the cases of these groups are not directly 
covered by [TJ and [5]. 

We show in Theorem 12.0.141 that 7r-O n -bundles can be described as 
parabolic vector bundles with weights symmetric about 1/2 together 
with a quadratic structure: the underlying vector bundle V is endowed 
with a generically non-degenerate quadratic form q having "singulari- 
ties of order at most one," the underlying vector space at branch points 
is equipped with local quadratic structures and isotropic flags compat- 
ible with q (cf Definition 12.0.31 ). We call these bundles degenerate 
orthogonal bundles with flags. 

A similar intrinsic description for 7r-SO n bundles as degenerate or- 
thogonal bundles with additional structure is also given. We then show 
that 7r-SO n -bundles can also be interpreted as parahoric special orthog- 
onal bundles in the sense of [TJ. 

The concept of weights provides a candidate isomorphism identifying 
the local automorphism group G{O y Y v of 7r-O n -bundles with the local 
automorphism group of (quasi)-parahoric orthogonal bundles or what 
is the same with Bruhat-Tits group schemes. 

Moreover the definition of stability and (semi)-stability of parahoric 
orthogonal bundles are described in terms of weights. 

In the short section on symplectic bundles we state the important 
definitions and results in the symplectic case. The proofs are very 
similar to the orthogonal case, so we omit them. 



2 



In Theorems 15.5.11 and 15.5.21 and Remark 15.5.5} we show some in- 
equalities in terms of Gromov-Witten numbers whose satisfaction is 
the necessary and sufficient condition for the existence of stable and 
polystable parahoric special orthogonal, symplectic and Spin bundles 
on P 1 . These Gromov-Witten numbers are computable for any G/P 
where P is any parabolic subgroup (cf. [20] and Remark I5.5.3p . To 
determine the existence, it is clear that we only need to check for only 
finitely many choices of degrees of sub-bundles as the weights are all 
positive and bounded. Thus, after finitely many computations, we need 
to check only finitely many inequalities to determine whether there ex- 
ists a stable or semi-stable parahoric special orthogonal or symplectic 
bundle. 

The strategy of proof is inspired by [U P. Belkale]. The main new 
ingredients are Definitions I2.0.3[ 14.0.41 and the passage from parahoric 
to parabolic bundles preserving (semi)-stability. 

The Theorem 15.5.11 also solves the 'multiplicative Horn problem' or 
following the survey of Kostov [TU] the 'Deligne-Simpson Problem': Let 
Ai be given conjugacy classes in K G = SO n (R), Sp 2n (M), where K G is 
the maximal compact subgroup of G = SO n (C), Sp 2n (C). Can one de- 
cide in finite time whether it is possible to lift an element Ai 6 Ai from 
every conjugacy class such that Y\Ai = Id? We first explain the case 
of the Ai having eigenvalues of finite order in which case this problem 
algebrizes as follows. Let p : Y — > X be a Galois cover of smooth pro- 
jective curves ramified at {xi}i< m with ramification indices {rii\i< m . 
Let Y be the simply conneted cover of Y . Then the deck transforma- 
tion group r of Y — > X identifies with the free group on 2g(X) + m 
generators {Ai, Bi, ■ ■ • A g , B g , Ci, • • • C m } quotiented by the relations 

L4j, .Bj]Cj = Id and C"' = Id. One knows that conjugacy classes of 
representations (resp. irreducible representations) of T — > K G bijec- 
tively correspond to polystable (resp. stable) ir-G bundles on Y where 
7r is the Galois group of p : Y — > X (cf. pQ). If we take X = P 1 , then 
since gx = so the representations of T correspond to just picking 
an ordered set of elements Ai of K G of order rii multiplying to one. 
Fixing the conjugacy class of Cj in Kq is equivalent to fixing the para- 
bolic datum in Definitions I2.0.3[ 13.0.211 and 14.0.41 Thus the question of 
whether it is possible to pick elements Ai (resp. from irreducible rep- 
resentation) becomes equivalent to the algebraic problem of existence 
of polystable (resp. stable) parahoric G-bundles on P 1 . For the more 
general case of Ai having elements of arbitrary order, it is possible to 
give explicit bounds, such that there exists a solution to the given Ai if 
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and only if there exists a solution for slightly perturbed A' { which have 
all elements of finite order. 

We now state the conditions in terms of inequalities. Let Cj be con- 
jugacy classes of SO n (resp. Sp 2n ) in the following form: (exp(27ci\i) < 
■ ■ ■ < exp(2iri\ n )) where Aj are real numbers such that such that 
K + A n+ i_j = and A n < 1/2. We shall call this form standard 
and denote by dj — (A{, • • • , X 3 n ) for the conjugacy class Cj. 

We quickly recall the definition of Gromov-Witten numbers. Let R 
denotes the set of parabolic points. For w G R, we consider generic 
complete orthogonal grassmanian G* on V w . For a subset I = ■ ■ ■ , i r } C 
{1, • • • , n}, define the Schubert variety Qf(G') = {L e Gr(r, V w )\ dim(Ln 

> jfor all 1 < j < r}. Let W be a vector bundle on P 1 such 
that W* ~ W (for our purposes it will be either the trivial bundle 
or 0(1) © 0(-l) © O n ~ 2 ). Define Gr(d,r, W) to be the moduli space 
of isotropic sub-bundle of W of rank r and degree d. For p e P 1 , 
define projection maps ix p : Gr(d,r,W) —¥ Gr(r,W p ) to the fiber 
of W at p. We call a Schubert State 3 = (d, r, W, {I w }weR) where 
I w C {1, • • • ,n} of cardinality r and d is an integer. For a Schubert 
state J define < 3 > to be the number of points in the intersection 
n°(3,W,G') = n^Rir-^nfjG'J] C Gr(d,r,W). We can now state 
our main theorems: 

Theorem 1.0.1. Let {C w } we n be conjugacy classes of SO n in the 
standard form. Then it is possible to pick elements C w G C w such that 
11 C w = Id if and only if either of the following conditions holds 

(1) given any 1 < r < n/2 and any choice of subsets {I w } w( zr of 
cardinality r of {1, • • • ,n}, whenever < {ci w } w eR >d= 1 then 

E^au«*)-^(<)o. 

(2) Let W = 0(1) © 0(-l) © O n - 2 . For every Schubert State 
3 = (d,r,W, {I w } w eR), whenever < 3 >= 1, then for I w G 3, 
we should have J2 weR A /o ,(a') - d(<)0. 

It is possible to pick elements {C w } forming an irreducible set if and 
only if 

(1) whenever < {a Iw } weR > d ^ or is oo then J2 weR \i w (a' w ) - d< 
0. 

(2) whenever < 3 >^ or is oo, then for I w G 3, we should have 
E^A Jw «)-d<0. 

We recall that a subset if of a maximal compact subgroup of a 
group G is said to be irreducible if {F G g|arf/i(F) = Y, V/i G if} = 
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Theorem 1.0.2. Let {C w } we R be conjugacy classes of Sp 2n in the 
standard form. Then it is possible to pick elements C w G C w such 
that = ^ ^ an< i only if given any 1 < r < n/2 and any 

choice of subsets {I w } w< zr of cardinality r of {1, • • • , n}, whenever 
< {°iu,}weR >d= 1 then £) w6H A/„, (a* ) - d(<)0. The elements {C w } 
form an irreducible set if and only if whenever < {<7i w } w eR >d¥ z or 
is oo then £ weR A 7w (a*) - d < 0. 

By Proposition 15.5.41 we reduce the above question for the Spin group 
to the group SO„ (cf. Remark 15.5.51) . Given conjugacy classes for 
Spin n , the above questions are answered affirmatively for Spin n if and 
only if for the associated conjugacy classes of SO n , they are answered 
affirmatively. 

1.1. Remarks on Notation. We have followed the system of notation 
in [TS], CSS]. So a Galois cover of smooth projective groups p : Y — > X 
has Galois group tc and not T as in [1] . If V is a vector bundle on a curve 
X and X IS cL point of X, then we denote by V x both the localization 
at x of the locally free sheaf of sections of V and the underlying vector 
space at x. This abuse will lighten the notations and from the context 
our meaning will be clear. Similarly for a quadratic form q on V, we 
denote both the localization and the evaluation at x by q x and for a 
group scheme G — > X, both the closed special fiber and the stalk at 
x are denoted G x . A quadratic form on a vector bundle T d (or its 
localization J 7 ^ at w) is denoted by upper indices q d but on vector 
spaces q m / 2 ■ G m l 2 — > C it is denoted by lower indices. We identify a 
vector bundle V with its sheaf of sections. Any statement with ' (semi)- 
stability' should be read as two statements, one with stability and the 
other with semi-stability. Similarly (<) should be read as < and <. 
We shall write SO n instead of SO(n) and denote pull-backs p*(V) by 
p*V, again to lighten notation. 

1.2. Acknowledgements. This paper is part of my post-doctoral work 
at Chennai Mathematical Institute. Prof. C.S. Seshadri suggested this 
theme to me and encouraged. I would like to offer him my heartiest 
thanks. I would also like to thank Prof. V. Balaji for illuminating ex- 
planations and constant support. He has provided me with guidance 
right from my 'very first' contact with university mathematics. I also 
thank Prof S. Ramanan for useful discussions and encouragement. My 
thanks also go to the Institute of Mathematical Sciences, Chennai for 
providing local hospitality. 
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2. Degenerate Orthogonal bundles with flags 

We begin by describing our setup. Let G be an affine algebraic group 
together with a representation G — > GL(W). This section is devoted to 
the case of the standard represenation O n — > GL(W). Let p : Y — > X 
be a Galois cover of smooth projective curves with Galois group it. 
By a tt-G bundle we mean a principal C7-bundle E on Y to which the 
action of 7r lifts. The theme of this section is to describe the additional 
data on the parabolic bundle E(W) that captures the information that 
E(W) is obtained as an extension of structure group from E. 

Remark 2.0.1. The following definition generalizes the notion of de- 
generate symplectic (resp. orthogonal ) bundle in [5] (cf also Remarks 
E2T8] and [5X3] for (semi)-stability) . 

Definition 2.0.2. We say that a quadratic bundle q : V — > V* <E> L 
with values in a line bundle L has singularities of order < r if for 
S = (V* Cg> L)/q(V) the following natural map is injective 

S -> ®xeSu PP (S)S x <g) (®i< r O x /m l x ). 

Definition 2.0.3. A degenerate orthogonal bundle with flags (V, q, F', L) 
is a vector bundle V on X endowed with the datum 

(1) a quadratic form q : V — > V* <S> L with singularities of order < 1 
at a finite subset R of points of X, 

(2) a flag structure {0} C F™ x C F" lx ~ l C • ■ ■ C F^ C F° = for 
each point x £ R, where the number can vary with x G R, 

satisfying the conditions 

(1) (compatibility of quadratic form q and the flags) for every x G R 
we have F x = Ker(q x : V x ->■ (V* g> 

(2) we denote by F 1 ^) the vector bundle obtained by pulling 
back ->• Vf-Exe/?^) -> ^ -> ©cceilK ^ by ©^rF^ 1 m> 
® xe ijl4- Then g restricted to -F 1 (V r ) factorizes as gi through 
L(-fl) : 

f 1 ^) <g> F l (y) 

(3) the quadratic form g 1 induces a non-degenerate quadratic form 

q ljX : F, 1 -> L{—R) x ~ C. 

(4) for z > (1 + m x )/2, the flags are isotropic for (F^,g lrE ) and 
the remaining are obtained by orthocomplementation. 
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Remark 2.0.4. Notice that on successive quotients G l x = F x /F x +1 we 
have perfect pairings q^ x : G™~ 1 x G x — > C for 1 < i < m x /2 and 
on quotients Q x 1+mx ^ 2 (jf m ^ j s odd) anc l Q® we have non-degenerate 
quadratic forms q(i+ mx )/2,x and qo tX : V^/F^ — )■ L x /m x ~ C. Notice also 
that for any x we have dim G^ + dim £<( ; 1+m:E )/ 2 = ran k V(mod 2) if is 
odd and dimG x = rank V(mod 2) if is even. Conversely, it is clear 
that the existence of perfect pairings on successive quotients G l x for 
i > 1 endow i 7 ^ 1 with a quadratic form and non-degenerate quadratic 
form on G° endows, together with (F x ,q ltX ), a degenerate quadratic 
form at the stalk V x of the desired type. 

Remark 2.0.5. The compatibility of the global quadratic form q and 
the local ones can be expressed more explicitly as follows: if we choose 
a basis *B of the localization of the free module V x such that 23 induces 
a basis of the underlying vector space V x in which q^s can be expressed 
in the standard anti-diagonal form, then in 23 the quadratic form q x 



is expressed by 



here t is the local parameter of L x and J\ 



and J2 are the standard anti-diagonal matrices of sizes dim(V x /F x ) and 
dim(F^) respectively. 

We have defined degenerate orthogonal bundles with values in a 
line bundle L because this is the right formulation to define Hecke- 
modifications by 'isotropic subspaces'. We explain how to do this in 
[13] . The most important case is when L = Ox, where we shall often 
abbreviate to (V, q, F m ). The following proposition shows that the case 
of a general L reduces to L = Ox by taking a square root of L, if need 
be by going to a cover. 

Proposition 2.0.6. Assume that L is a line bundle of odd degree 
on X. Let p : X — > X be a two-sheeted cover such that p*L = L\. 
Then given a degenerate orthogonal bundle with flags (V, q, F*, L) and 
a choice of square root L\ y we can canonically associate to its pullback 
to X a degenerate orthogonal bundle with values in the trivial bundle 

Proof. Consider the sequence — > V V* — > S — > 0. The support of 
S lies in the set of parabolic points R. For x G R, by tensorization with 
the skyscraper sheaf C x , we have a canonical identification between F x 
and Totq x (S, C x ) since the depth of S is one. Pulling back to X and 
tensoring with C x for x lying over x, we obtain 

(2.0.1) -> p*V ® LI 1 ^ p * q p*V* <g> Li — »■ p*S ® L{ x -> 0, 



which again, owing to the fact that depth of p*S <g> is one, implies 
that ker(p*q)x = Tor 0j _(p*S Cg) L>i ,C X ). As the operations of tak- 
ing geometric fiber and pull-back commute, we have canonical isomor- 
phisms Tor^, _ (p*S, C x ) ~ p*Toi 0x (S,C x )z. We have thus have canon- 
ical isomorphisms Tor^ _{p*S <g> L^ 1 , C £ ) ~ Tor^ . (p*^ C 2 ) ® L\ l ~ 

p*Torp (S 1 , Ca;)i <g> L^f 1 . By writing as tensor product of line bun- 
dles or their inverses which admit sections, we obtain an identification, 
well defined upto scalars, between kBi{p*q) x ~ Tor^,. (p*S <E> Lj~ , Cg) 

and Tor^^S 1 , C a ) ~ F 1 (V) X . This allows us to transport the entire 
flag structure {F x } at x to x. We can thus define V\ = p*V £g> L^ 1 , 
and F~(V) = Totq_(p*S £g> L^Cg) for x lying over R and associate 
(Vi,p*g, {F|} p (g) e ij, O x ) to (V,q,F*,L). The compatiblity conditions 
of Definition 12.0.31 now follow: (1) and (4) by defiinition of F~ and (2) 
and (3) by Remark ED □ 

If the degree of L is even, then it is a square on X. The proof of 
Proposition 12.0.61 shows how one can associate to (V, q, F*, L) a bundle 
with values in the trivial bundle. 

Definition 2.0.7. A parabolic degenerate orthogonal bundle with flags 
is a degenerate orthogonal bundle with flag together with a sequence 
of rational numbers < a x < . . . a x . . . < a™ x < 1 associated to the 
subspaces F % x . They are increasing with the associated vector space 
becoming smaller. 

Remark 2.0.8. In the context of [5], there is only one flag namely 
ker(g x ) C V x at each parabolic point with with weight 1/2. 

For a ramification point y G ram(p) let n y denote the isotropy sub- 
group at y, which is well known to be cyclic. The action of n y , provides 
a canonical decomposition 

in terms of the character group it* of n y , where W y> g = {w G W y \^w = 
g( r y)wW r )' G iiy}. Let B y denote the bilinear form at y. For <7i,<?2 £ 7T*, 
if gi 7^ g 2 l then W gi _L W 92 under B y , otherwise there is a perfect 
pairing B yg : W g x W g -i — >■ C. The isotropy subgroup 7r y acts on the 
cotangent space m y jvp? y at y through a representation which defines a 
generator h y of 7r*. For any g G n y let i g denote the natural number 
defined by h %3 = g. Let W\ n \ denote p*p1W. 

Proposition 2.0.9. The quadratic form q' on W goes down to V as a 
quadratic form q of singularity < 1. 
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Proof. We have i g + i g -i = \ir*\ for g 7^ {e}. Now the bundle W\ n \ can 
also be described by the Hecke modification 

(2.0.2) -> W M ->• W -)• © 2/6 ram( P )e g67r; \ {e} M^, 5 <8)c02 / /ml / 7r;h ' 9 -> 

Since |7r*| — i fl + |7r*| — = \ir*\, so the restriction of q' to has 
singularities of order \tt*\ at y and g has thus singularities of order 1 at 
x. □ 

The following Proposition is readily checked. 

Proposition 2.0.10. For y 1 and y 2 in the same fiber of p, there exists 
the following canonical isomorphisms 

(1) a : 7r* 2 — > 7r* t mapping /i y2 to It can be obtained by 
conjugation by any 6 G n satisfying 9(yi) = yi- 

(2) [5 : P(W / 3/1 ) — > P(Wy 2 ) which restricts to canonical isomorphisms 
fig ■ HW yUg ) P(^ 2 , Q *(,)) for any g G tt^. 

(3) between the bilinear forms B yi and B V2 i.e the following diagram 
commutes 

PWi) — p(w*) 

In particular, the identification is independent of mapping yi 
to y 2 - 

Let us recall the Rees lemma in homological algebra. In this paper, 
we will often use it for the case n = to make an extension of a 
skyscraper sheaf by a vector bundle. 

Theorem 2.0.11 (Rees). Let R be a ring and x G R be an element 
which is neither a unit nor a zero divisor. Let R* = R/(x). For an 
.R-module M, suppose moreover that x is regular on M. Then there is 
an isomorphism 

Ext n R ,{L*, M/xM) ~ Ext n +\L*, M) 
for every i?*-module L* and every n > 0. 

Proposition 2.0.12. Let (V, g) be a quadratic bundle on X such that 
q is generically an isomorphism. Then putting S = V*/q(V), there is 
a natural isomorphism of the skyscraper sheaves S ~ Ext^S 1 , Ox)- 

Proof. This follows immediately by applying the functor Homx(— , Ox) 
to the short exact sequence 0— > V V* — > S — > and remarking 
that q* = q. □ 
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Remark 2.0.13. The following theorem generalizes to arbitrary Galois 
cover of cuves, the [5], Prop 1.3] which is for two-sheeted covers. 



Theorem 2.0.14. Let W be a 7r-GL n bundle on Y such that W{GL n /O n ) -> 
Y admits a 7r-invariant section q'. Then to such a bundle we can canon- 
ically associate a parabolic degenerate orthogonal bundle (V, q, F*, Ox) 
with flags at precisely the branch points of p : Y — > X and parabolic 
weights symmetric about 1/2. Conversely, let (V,q,F',Ox) be 
horic orthogonal bundle on a smooth projective curve X with weights 
symmetric about 1/2, then there exists a Galois cover p : Y — > X with 
Galois group tt along with a vector bundle W on K and a 7r-invariant 
section g' : Y — > W(GL n /O n ) such that (W, q') is mapped to (V,q) by 
the first part of the theorem. 

Proof. By Proposition 12.0.101 part (1) and (2), it suffices to treat the 
case of one ramification point y £ Y. Tensoring (12.0.21) with O y /m) y y \ 
for 

S = ®9^ y \{e}W %g ® C Oy/m}y ;l ~ l3 

\tt*\ 

we get a O y /m y y -submodule 

(2.0.3) S ~ Ton(£, O y /m l y yl ) ^^^/mP. 

Let t denote the local parameter of m y . For 1 < i < \k v \i the image 

of S under the composition of the endomorphism W^^y/m)^ —^4 
W\ n iy/rriy followed by the projection W^^/rriy — > W\ 7T \ iy m y K ^~' 1 /rn 1 ^ ~ 
W\ n \,y defines subspaces F % y C W^i^. This sequence of subspaces are 

naturally filtered F^ yhl C • • • F] C W H „ owing to the fact that S 1 is 

an O y /m} y v '-submodule of W^y/m^'. Some inclusions may be equali- 
ties, so we extract a reduced filtration keeping only distinct subspaces 
by associating the rational number a l y = i/\n*\ to F % y if F y ^ Fy~ X - This 
defines a weighted filtration of V x for x = p(y), which we denote by F x . 
By (I2.0.3p . we also obtain that W y ^ = F y /F y +1 - The perfect pairing 
between W y>g and W y>g -i goes down to X by Proposition ^. 0. 101 part (3) 

to give a perfect pairing between G l x and G% % where G l x = F x /F x +1 . 
When g = g ~ 1 ie for i g = and i g = ( 1 + \7r y \ ) /2 we get a non-degenerate 
quadratic form on G° = V x jF x and G^+l 71 "?'!)/ 2 . On the other hand, 
tensoring (12.0.21) with C y we see that F y = ToTi((B gen *\{ e yWy ig ,Cy) ~ 
®g€n*\{e}W yi g becomes a subspace of W\ w \ y ~ V x and is isomorphic to 
F x . Also the subspaces ® g en*\{e}W y!g and are perpendicular to 
each other. So the restriction of the quadratic form to F y descends 
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to F x as q 1)X . Now the compatibility conditions (|2J) and (TJJ of Defini- 
tion 12.0.31 follow by Remark 12.0.51 and Remark 12.0.41 The restriction 
of the quadratic from q' to W\^\ becomes degenerate at the fiber at y, 
but induces a non-degenerate form on W\ n \ jV /Fy. This descends to the 
condition ([I]) of Definition 12.0.31 

Condition (j2J) that the order of degeneracy of q on F 1 ^) is only one 
follows from Prop 12.0.91 

This completes the proof of one direction in Theorem 12.0.141 

Lemma 2.0.15. Let r be an integer, V a vector bundle and R C X a 
finite set of points. Let rR denote the divisor ^2 xeR rx. There exists a 
canonical extension 

(2.0.4) -> V -)• V(rR) -> V g> ©, eB aM -> 

which is universal in the sense that any extension of a skyscraper sheaf 
5 1 of depth less than r with support in R can be obtained by (12.0.41) by 
pull-back by a homomorphism S — > V <S> ® x ^RO x /m r x . 

Proof. We denote V*(-rR) as the Ker(V r * -»■ r®© xeJJ O x /m;). Then 
dualizing V*(-ri2) ->• V* -»■ ^* <g> ® xe RO x /m r x -> we get 

-> V -> 7(ri2) -> Ext^e^^/m^, £> x ) ->• 0. 

By Rees's Theorem 12.0.111 we have 

Ext^(© xei *K7m£,0 x ) = ©.eiiHonio^^^Vm^aK) = ® xeR V x /m r x . 

So the sequence becomes — > V — > V(rR) — > ® x eRV x /m r x — > 0. 
On the other hand by Rees's Theorem again, we have Ext x (S,V) = 
B.om <SxSR o x / m r(S,Q) x eRV x /m x ). More explicitly, this corresponds to 
taking the pull-out by <fi : S — > ® x( zRV x /m x of (12.0.41) to get an ex- 
tension and from an extension 0— > V — > W — > S — > 0, by taking 
tensor product with ® x&R O x /m r x , we get an injective homomorphism 
S = Tor^S, ® xeR O x /m r x ) ^V® (B xER O x /m r x . □ 

Let p : Y — > X realise a Galois cover such that for every point x G R 
the ramification index r x = \ir*\ (for p(y) = x) is a multiple of the least 
common divisor / x of the denominators of the weights a x of the Flag 
at x. The existence of such a cover is classically well known. 

Let S denote V*/q(V). Taking the pull-back of ->■ V 4 V* -> 
5 -> to p : K -> X, we get 

(2.0.5) ^p*^* ^p*S 0. 

Define a sequence of flags C p*V y ~ 14 for 1 < j < r x as F^ = F x 

whenever a l ~ l r x < j < a x r x . In particular, Fy x = {0}. Thus for all 

y G p~ 1 (R) we continue to have a perfect pairing G y x G^ -1 — > C. 

n 



Then define a O y /m y y -submodule T of p*V y /m y y as the sub-module 
generated by Fy®^m y x ~ t / ra y y for 1 < i < r x . Owing to the inclusions 
C • ■ • F 1 C p*V y , T is simply ^kk^ i*J ®c '/'I, ' '"'!/• It can be 
expressed as a vector space as follows 

r = ®i<i<r x Fy ® c m;-Vm;- !+1 . 

We take pull-out of fl2X5|) by T — ^ p*S to get 
(2.0.6) ^p*V ->• W T -»■ 0. 

The sequence (I2.0.6|) on dualizing gives 
(2.0.7) W* -> p*V* -> Ext^T, Oy) -> 

We firstly claim that the composite of p*V p*V* — >■ Ext^T, Oy) 
is zero. This would show that p*q factors through W — > p*V*. 

Firstly the sequence fl2X5|) belongs to Ext 1 (p*S,p*V) and arises as 
the image of Id G Hom(p* S , p* S) . By the commuting squares 

Rom(p*S,p*S) Ext 1 (p*S,p*V) Ext 1 (p* S,p*V*) 



Rom(T,p*S) 



Ext 1 (T,p*V) 



Ext 1 (T,p*V*) 



the push-out of (12.0.61) by p*V — > p*V* is the zero extension 



(2.0.8) 











p*V 



W 



pi 



p*V* 



p*V* © T 



T 



T 







0. 



Now viewing v G p*V as a form on we see that the composite of 

v o p*q = p*(q){v). So since the bottom row of fl2.0.8|) is split, so the 
push-outs by p*V* A Ox are split. Thus the push-out of (12.0.61) by 



p*V P Oy is split. This shows that we have a factorization (first q 1 
and then p*S Ext^T, O y )) 

(2.0.9) p*V 

V Q 







w* 



■p*V* 



Ext\T, O y ) 



p*S 
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Now we want to show that q{ : W — > p*V* factors through W* — > 
p*V*. 

Let Q denote the O y /m}y y '-module which is quotient of T — > p*S. It 
can be expressed as 



Q = ®i<i<r{x)Fl/Fi ® c nf^/ml 



-i+l 



and we have -> Ext y (Q,£>y) Ext^S, CV) -> Ext y (T,C y ) 
0. So by Proposition 12.0.121 and diagram (I2.0.9p . we may replace p*S 
by Ext 1 ^, Oy) inEDto obtain 

0^p*V ^W* ^ Ext^Q, Oy) -> 0. 
Now rearranging terms we have 
(2.0.10) Q = © xesup p( S ) ©r,>i>i G l y ® c m*/mj-. 

By Rees's Theorem I2.0.11[ we have 

Ext\Q, Oy) = ® X&R ®i<i< rx (Gy)* ®c m*/mj». 
Since for z > 1 we have a canonical isomorphism of O y /m!y y '-modules 

so rearranging terms again by (12.0. 10p we obtain Ext 1 (Q, Oy) = T. 
Thus we have — > p*V ^¥ W* — > T. This sequence on dualizing gives 

-> 4 J9*l^* ->■ Ext^T, C y ) -> 0. 
This shows that we have a factorization 

(2.0.11) W 

M T 

VT* Ext^T, Cy) 0. 

Since the quotient of both q\ and the natural morphism W* — > p*V* is 
Ext^T, O y ), so by 02.0.111) . it follows that q' is an isomorphism. The 
last assertion that by the construction in Theorem 12.0.141 sends (W, q') 
to (V, q) is now a formal consequence. □ 

Corollary 2.0.16. The underlying degree of a parabolic degenerate 
orthogonal bundle with flags (V, q, F*, Ox) associated to a ix-O n bundle 
is equal to — | J2xeR dim(F x 1 ). 

Proof. This follows from the fact that the parabolic degree is zero and 
that the weights are distributed symmetrically about half. □ 
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In [Tj, Theorem 2.4.1, version 1], it is proved that as one varies over 
the coverings p : Y — > X, the germ of local automorphism Aut n -c{E)y 
realises a/Zparahoric subgroups of G(K X ) where K x is the quotient field 
of O x for x = p(y). So in Proposition 12.0.171 we describe this group 
scheme as automorphisms of parahoric orthogonal bundles. 

Proposition 2.0.17. For y £ Y a ramification point, the unit group 
Anty v (W, q') = O n {O y Y y consisting of germs of local automorphisms 
identifies canonically with Aut x (V, q, F') which consists of elements 
of GL n (O x ) that preserve q x and on the special fiber preserve the flag 
pm x <z ■ ■ ■ F x CV X and respect the perfect pairings q^ x : G l x x G™ x ~ l — > 

C and the quadratic forms g ,x : G° x — > C and q(i+ mx )/2,x '■ G x 1+mx ^ 2 — >■ 
C. 

Proof. We use the notation in the proof of Theorem 12.0.141 Firstly for 
g £ 7T* the unit group O n {O y Y y preserves the g-eigenspaces (W y /m l y ) g C 
Wy/rrty for i > 1. By the following equality of skyscraper as sheaves of 
Cy-modules 

S = ®g&%\{e}W VJI ® c O y /m l y* vl ~ l3 = ©i<<<| ff ;|_i(W v /mJ) fc *. 

we deduce that for any 6 £ O n {O y Y y , its action restricts well to 

5 and that the projection W y — > S is O n ((9 ?/ ) 7r!/ -equivariant. So any 
9 £ O n {OyY y restricts well to the kernel W\ n \ of the projection to define 

its automorphism. Thus tensoring by O y /rriy v ^ we see that any 6 also 

|tt*| 

defines an automorphism of Tores', O y /m y y ) ~ S. Now since the sub- 
spaces F x have been defined as the image of S under multiplication by 

t l ~ l on W^^/rriy^ followed by projection onto W^i^rriy^ 1 /rriy v ~ 
W\ir\,y — V x , so any 9 preserves this subspace too. Since such an au- 
tomorphism is moreover Tr^-invariant, so it goes down to give an au- 
tomorphism of V. It is a formal check that this automorphism of V 
preserves q. The unit group also preserves the perfect pairing between 
W y>g x Wy g~i so it preserves the pairing between G l y and G r y x ~ l and 
thus the pairing between G x and G™ x ~ l . Conversely, any element of 

6 £ Autj;(V, q) that preserves the subspaces F % x also respects the inclu- 
sion 

T = ® xeR ®i<i< rx F l y ® c m^- i /m^- i+1 m> p*(V) y /m^, 

owing to the symmetry of the parabolic weights a x about 1/2 (this 
symmetry moreover forces that 9 also respect the pairing). Therefore 
by the functoriality of Rees Lemma defines an automorphism of the 
short exact sequence 

0^p*V^W-^T^0 
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and thus defines an element in Auty y (W). Since the left, the right and 
the extreme most squares commute in 

7T*V y W — ^ W* TT*V* 

ir*V y W W* tt*V* 

thus so does the one in the middle, this shows that 9 G Anty y (W, q'). 

□ 

We define the group scheme associated to a degenerate orthogonal 
bundle with flags. 

Definition 2.0.18. For a degenerate orthogonal bundle with flags 
(V,q,F',O x ) as in Definition ED we shall denote by 0(V,q,F) = 
O q — > X its groups of automorphisms which is defined as the subgroup 
scheme of the twisted group scheme Aut(V) — > X whose sections over 
an open subset U are defined as follows 

O q {U) = {s£ Aut(V) (U)\s*qs = q, s(F) = F, s preserves perfect pairings}. 

Now a degenerate orthogonal bundle with flags (V, q, F', Ox) can 
also be viewed as a torsor under the group scheme O q — > X. 

3. Degenerate Special Orthogonal bundles with flags 

By a 7r-special orthogonal structure on a 7r-O n -bundle E we mean 
the following: denote {m 9 } 5g7r the linearization on E, we demand that 
there exists moreover a section s that makes the following diagram 
commute: 




E(O n /SO n ) 



In particular the bundle E(V) needn't have trivial determinant, it 
can be a line bundle of order two. When it moreover has trivial de- 
terminant, we shall call it a 7r-SO n -bundle. One can describe 7r-special 
orthogonal structures on X as follows: 

Recall the group scheme O q — >■ X of Definition 12.0.181 Recall also 
that Aut(V) — > X is equal to the twist yGL n x of the constant group 
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scheme GL nX — > X by V. One similarly uses the twist ySL n>x to 
define the group scheme SO q . 

Definition 3.0.19. The group scheme S0 9 — > X is defined to be the 
fibered product of O q — > X with v SL njX — > X. Its local sections over 
an open subset U are given as follows 

SO(U) = {s Gy SL nt x\s*qs = q, s(F) = F, s preserves perfect pairings} 

Theorem 3.0.20. Let (W, q', s Y ) be a vr-SO n bundle on Y. Then to W 
we can canonically associate a degenerate orthogonal bundle with flags 
(V, q, F*, Ox) on X such that dimF^ is even for every x G R and the 
quotient space V(O q /SO q ) — > X admits a global section sx- Conversely 
given such a degenerate orthogonal bundle with flags (V, q, F*, Ox) and 
a section sx, we can construct a Galois cover p : Y — > X and a 7r-SO„ 
bundle WonY which is mapped to (V, q, F*, Cx, sx) by the first part 
of the theorem. 

Proof. The only thing that needs to be checked is that dim F^ is even 
for every x G R. One knows that n y acts on the fiber of the special 
orthogonal bundle (W, q', Sy) through a representation p y : 7r y — > SO„ 
(cf [3 Prop 1, page 06]). Since tt v is cyclic, so its image lands in- 
side a maximal torus of SO n . This implies that dimension F^ is even, 
both in cases when n is even and odd. This follows because F^ cor- 
responds to ®g£n*\{e}Wy t g which must be even dimensional owing to 
the description of the maximal torus in both even and odd cases. Let 
E be the orthogonal bundle underlying W. The 7r-equivariant section 
sy '■ Y — > E(O n /SO n ) descends to the section sx '■ X — > V(O q /SO q ) 
and conversely the pull-back of sx to Y furnishes sy. □ 

We make the above theorem into a definition. 

Definition 3.0.21. A parabolic degenerate special orthogonal bundle 
is a degenerate orthogonal bundle with flags (V, q, F', Ox) together 
with a global section sx '■ X — > V(O q /SO q ). 

So a parahoric special orthogonal bundle can be viewed as a torsor 
under SO q — > X. 

Remark 3.0.22. Notice that for every x G R we have G { x 1+m * )/2 (if 
m x is odd) is even dimensional unlike in the orthogonal case (compare 
with Remarks 12.0.41 and I4.0.6p . Thus dimG° = rankF \mod2) for every 
x G R. 

3.1. Interpretation of 7r-SO„ bundles as parahoric bundles. 
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Proposition 3.1.1. Let £ be a 7r-SO n bundle on p : Y — > X with 
non-trivial Chern class i.e it doesn't admit a lift to a 7r-Spin n bundle. 
Then there exists a Galois cover p\ : Y — > Y, such that the pull-back 
of E admits a lift to a 7r-Spin n bundle, where 7f is the Galois group of 

Y -> X. 

Proof. Since SO n is a semi-simple group, so it comes from a represen- 
tation p : T — > SO n where T is the deck transformation group of the 
simply connected cover My — > Y over X. Let T be given as the quo- 
tient of the free abelian group on {a^, b iy Cj} where i < gx and j < \R\ 
quotiented by the relation and Yll a ii Yl c j = ^ anc ^ c j J = 1 where rij 
is the ramification index at the jth branch point. Let T be the free 
group on {di,bi,Cj,d} where i < gx and j < \R\ quotiented by the 
relations nt^?^] = 1 an d = l,d 2 = 1. We lift p to p by 

defining p(dj), pipi) and p(cj) to be any lifts to Spin n of p(cij), p{bi) and 
p(cj) respectively. Under the map Spin n — > SO n , the images of p{cj) nj 

and n[p(^«)' P(bi)] Yl Pity) * s ^ ne neutral element, so they belong to the 
ker : Spin n — > SO n . Now it is clear that p(cj) 2nj = 1 and one can define 
p(d) such that the relation n[aj,&i] Yl Cjd = 1 holds. This also shows 
that if we compose p by Spin n — > SO n then we get the pull-back E of 
E. □ 

The group T defines a two-sheeted cover of p\ : Y — > Y which is 
ramified at the ramification points of p : Y — > X and one additional 
point of Y and infact if H y denotes the simply connected cover of Y 
then r is the deck transformation group of H y — > X. The ambiguities 
in defining p correspond to the different lifts to 7r-Spin n -bundles of E. 
We remark that n contains the group Z/2 = Gal(Y/Y) as a normal 
subgroup. This group acts on the lifts of E. But its action is not 
trivial along the fibers, so these bundles do not descend as Spin-bundles. 
However its image lies in the ker(Spin n — > SO„) and thus on E it acts 
trivially along the fiber. Thus E descends. 

Proposition 3.1.2. Parabolic degenerate special orthogonal bundles 
can be obtained by extending structure group from parahoric Spin- 
bundles on X. 

Proof. By Theorem 13.0.201 it suffices to prove that 7r-SO„ bundles on 

Y can be obtained from parahoric Spin bundles on Y by extending 
structure group Spin n — > SO n . We fix a maximal compact K of Spin n . 
Let Ry denote the set of branch points of p\ : Y — > Y, which is also 
equal to the set of ramification points of p : Y — > X. For every y G R, 
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we fix a conjugacy class C y in SO n (R) of finite order n y . Note here that 
for two yi,y2 in the same fiber of p, we have the equality C yi = C y2 . 
Let C y and Cy be two conjugacy classes in K lifting C y . The order of 
Cy may possibly be 2n y . For every function / : R — > {1, 2}, we denote 

Repf — {f — >■ Spin n |p(c y ) G Cy^ y \y G i?}/{conjugation by K} 

which by [21 Balaji-Seshadri, Thm 7.1] is irreducible. These correspond 
to 7r-Spin n bundles on Y such that by extending the structure group 
Spin„ — > SO n , we get 7r-SO„ bundles with trivial Gal(Y/Y) group 
action along the fibers. Thus these bundles descend to 7r-SO„ bun- 
dles on Y of fixed parabolic type. On the other hand, viewing these 
bundles as Gal(F/F)-Spin ri bundles on Y, they descend as parahoric 
Spin-bundles on Y; moreover together they form all the lifts of 7r-SO„ 
bundles of fixed parabolic type to parahoric Spin-bundles on Y. Thus 
the parahoric spin bundles on X in the sense of [2] that come from 
Repj, as / varies, form all the lifts of parabolic degenerate special or- 
thogonal bundles of fixed parabolic datum given by {C y } ye ji, which is 
actually a datum on X. □ 

Remark 3.1.3. The Proposition 13. 1.21 justifies that parabolic degener- 
ate special orthogonal bundles may also be called as parahoric special 
orthogonal bundles and we shall do so in the rest of the paper. 



4. Parahoric Symplectic bundles 

Definition 4.0.4. A degenerate symplectic bundle with flags is a vec- 
tor bundle (V, q, F*, L) on X endowed with the datum 

(1) a symplectic form q : V — > V* <E> L with singularities of order 
< 1 at a finite subset R of points of X, 

(2) a flag structure {0} C F™ x C F™ x ~ l C • • • C F^ C F° = V x for 
each point x G R, where the number m x can vary with x G R, 

satisfying the conditions 

(1) (compatibility of symplectic form q and the flags) for every x G 
R we have F£ = Kei(q x : V x —> (V* ®L) X ) and dimension of Fl 
is even. 

(2) we denote by F l {V) the vector bundle obtained by pulling back 
-)• V(-R) -> V -> ® X£R V X ^ by ® x&R Fl ■=— >■ @ xeR V x . 

18 



Then q restricted to F l (V) factorizes as q\ through L(—R) 
F\V) x F\V)- 



L(-R) 

(3) the symplectic form q 1 induces a non-degenerate symplectic 
form 

q 1>x : Fl -> L(-R) x ~ C. 

(4) for z > (l+m z )/2, the flags F % x are Lagrangian for (F^, and 
the remaining can be obtained by symplecto-complementation. 

Remark 4.0.5. The compatibility of the global symplectic form and 
the local ones can be expressed as follows: if we choose a basis 03 of the 
localization of the free module V x it induces a basis of V x in which g^'s 
can be expressed by square matrices of sizes dim(F^) and n — dim(F^) 
in the form 

1 

-1 



J' 



1 



1 



then in terms of 03 the quadratic form q x can be brought to the form 
j> 1 

1 p where t is the local parameter of L x . This special form is 

2. 

chosen to be able to Hecke-modify by Lagrangian subspaces (cf [13]). 

Remark 4.0.6. As a consequence of the definition, we have a non- 
degenerate symplectic form q Q)X : G° = V x / F 1 — > C. Notice that on suc- 
cessive quotients G x = F x /F x +1 we have perfect pairings q i)X : G™~ % x 
G l x -)■ C for 1 < i < m x /2 and on quotients G° and G , ( 1 + m ^)/ 2 (jf mx 
is odd) we have non-degenerate symplectic forms q 0)X and q(i+ mx )/2,x- 
The spaces G° and G^ 1+mx ^ 2 are constrained therefore to be even di- 
mensional unlike the orthogonal group case (compare with Remarks 
12.0.41 and I3.0.22[) . Conversely, G x for i > 1 will endow F x with a non- 
degenerate symplectic form. Together with G x , they endow the stalk 
V x with a degenerate symplectic form of the desired type. 

Like Theorem 12.0. 14[ one similarly proves the following theorem. 

Theorem 4.0.7. Let W be a 7r-GL n bundle on Y such that W / (GL 2n /Sp 2n ) 
Y admits a 7r-invariant section q' . Then to such a bundle we can canon- 
ically associate a parabolic degenerate symplectic bundle (V, q, F", Ox) 
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with flags at precisely the branch points of p : Y — > X and weights sym- 
metric about 1/2. Conversely, given (V, q, F*, Ox) a parabolic degener- 
ate symplectic bundle with flags on a smooth projective curve X with 
weights symmetric about 1/2, there exists a Galois cover p : Y — > X 
with Galois group 7r along with a vector bundle W on Y and a tc- 
invariant section q' : Y — > W / (GL 2n /Sp 2n ) such that (W, q') is mapped 
to (V, q) by the first part of the theorem. 

Proof. The proof is similar to that of Theorem 12.0.141 We need only 
check that dim is even. One knows that n y acts on the fiber of the 
symplectic bundle (W, q') through a representation p y : n y — >■ Sp 2n (cf 
[3 Prop 1, page 06]). Since n y is cyclic, so its image lands inside a 
maximal torus of Sp 2n . This implies that dimension F]. is even. □ 

Remark 4.0.8. By Theorem I4.0.7[ the degenerate symplectic bundles 
with flags correspond to 7r-Sp-bundles on some Galois cover which by 
[2] descend as parahoric symplectic bundles on X. We shall there- 
fore call degenerate symplectic bundles with flags simply as parahoric 
symplectic bundles in the rest of the paper. 

5. Criterion of non-emptiness of parahoric moduli on P 1 

for G = SO n , Sp 2n 

5.1. (Semi) -stability conditions. In this subsection we shall admit 
that (semi)-stability of parahoric G bundles is an open property. This 
fact follows from the so called T-bundle theory since stable bundles cor- 
respond to irreducible representations of T into the maximal compact 
subgroup K of G(cf. [lj). Here V is the decktransformation group over 
X of the simply connected cover Y of Y. 

Definition 5.1.1. Let (V, q, L) be a parahoric orthogonal bundle. We 
say that a sub-bundle W of V is isotropic if for all x G X \ R, the fiber 
W x C V x is an isotropic subspace and for x G R, W x D Fl is an qi jX - 
isotropic subspace of F^ and the image of W x in V x /F* is go.z-isotropic 
subspace. 

As in the case of Parabolic vector bundles, an isotropic sub-bundle 
W of V inherits a flags by intersecting W x D F* and also weights. 

Definition 5.1.2. We say that a parahoric orthogonal or symplec- 
tic bundle (V, q, L) is (semi)-stable if for every isotropic sub-bundle 
W in the sense of Definition 15.1.1} the inequality of parabolic slope 
par fi{W){<)par p(V) is satisfied. 

Remark 5.1.3. Our definition 15.1.21 agrees with the one in j5] which 
was made for parahoric bundles 'comming from' two-sheeted covers. 
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To see that this definition of (semi)-stability is correct, firstly it suf- 
fices to assume that L = Ox because we could always take the square 
root of L (if need be by going to a cover), which doesn't change the 
(semi)-stability property of the bundles we consider. Next, the bundle 
(V, q, F') by Theorem 12.0.141 and 14.0.71 would become genuine orthog- 
onal or symplectic bundles (W, q') on some Galois cover p : Y — > X 
with Galois group ir. The pull back of isotropic sub-bundles with in- 
duced weights in the sense of Definition 15. 1.1 1 would give 7r-sub-bundles 
of W isotropic for q' and conversely any g'-isotropic sub-bundle of W 
to which the 7r-linearization restricts well would give an isotropic sub- 
bundle of (V, q) in the sense of Definition 15.1.11 Thus the condition of 
(semi)-stability for parahoric orthogonal (symplectic) bundles is trans- 
lated into 7r-isotropic bundles, for which the (semi)-stability condition 
is the usual condition for G-bundlles (cf. [TTJ A.Ramanathan]) applied 
to every 7r-reduction of structure group to parabolic subgroups (cf. [H 
Def. 6.4.6]). 

5.2. Passage from Parahoric to Parabolic. In the following propo- 
sition, notice that in the case m x is odd, the length of the Flag has in- 
creased by one, but in the even case, it remains the same. It is readily 
checked. 

Proposition 5.2.1. Let (V,q, {F x , a x } xe R) be a parahoric special or- 
thogonal bundle on P 1 of parabolic degree zero. For every x 6 R, if 
m x is even, then p^ +rrix l 2 j s a maximal q\ ^-isotropic subspace of F x 
and we choose it, else when m x is odd, we shall make a choice of a 
maximal gi^-isotropic subspace K x of F x containing the subspaces F % x 
for % > 1 + m x /2. Let V be a vector bundle defined using Rees theorem 
I2.0.11l by the inclusion K x ^ V x for every x G R. Then 

(1) the quadratic form q on V extends uniquely to a non-degenerate 
quadratic form q on V. 

(2) by the inclusion V x /K x <^-> V x , define F % x as the image of F % x jK x 
for i < 1 +m x /2. Then the flags F % x are ^-isotropic. We define 
V x /K x asF°. 

(3) the flags {F x } for i > l + m x /2 define a filtration of K x . We can 
take their pull-back F x to V x by the projection V x — > K x . Then 
in the order of inclusion, the {F x } form an orthogonal grassma- 
nian i.e the ortho-complement of the j-th smallest subspace is 
the j-th largest. 

(4) a sub-bundle W of V defines by Hecke- modification W X HK X 
W x a sub-bundle W of V. Then W is isotropic in the sense of 
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Definition 15.1.11 if and only if W is isotropic with respect to q 
in the usual sense. 

(5) the parabolic orthogonal bundle (V, q, F) is a parabolic special 
orthogonal bundle. 

(6) V is (semi)-stable as a parahoric orthogonal bundle if and only 
if the parabolic orthogonal bundle (V, q, F') supports a (semi)- 
stable parabolic orthogonal (resp. symplectic) structure with 
respect to the following definition of (semi)-stability 

Definition 5.2.2. If F x C ker(T4 — > K x ), then we assign it the 
weight a l x = a x where a x is assigned to the inverse image of F % x 
under V x — > V x . Else, we assign it weight a x = a x — 1 where a x 
is assigned to the image of F x in V x — > K x . 

We define the parabolic degree of a sub-bundle W of V as 
pardeg(W) = 

deg(W) + J2 J2 4dim(Img(^nF^F^ +1 )). 

x&R l<i<m x 

We say that the parabolic orthogonal bundle V is (semi)-stable 
if 

pardeg(W / )/rank(W / )(<)pardeg(V r )/rank(V r ). 

(7) For any isotropic sub-bundle W of V, the parabolic degree of 
W and W are the same. 

For the convenience of the reader we make some remarks to clarify 
the effect of Hecke-modification by K x on flags and weights. 

Remark 5.2.3. It is also clear that V comes along with projection 
maps V — > (B x enKx from which by taking kernels, it is possible to 
recover (V, q, F', a') from V. 

Remark 5.2.4. We see that V x has weight —1/2 when m x is even and 
weight a x 1+mx ^ 2 — 1 if m x is odd. 

Remark 5.2.5. We also see that if F x ^ F^ = ker(V x % V* F x *), 
then F^ 1 - is assigned weight zero because it is the image of V x j K x ^ V x 
and V x is assigned weight zero in this case. 

Remark 5.2.6. We shall always consider the F x in the order of inclu- 
sion and not by the index i, which has got disturbed. The index % is 
convenient to assign weights a l x using the weights a l x . Under this or- 
der, we see that in Definition 15.2.21 the parabolic weights are decreasing 
with the subspace becoming bigger in accordance with the definition 
in [HI Mehta-Seshadri]. 
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Remark 5.2.7. Since the weights {a 1 ,} are symmetric about half, so 
the weights {a*} are symmetrically distributed about zero. 



Remark 5.2.8. By choosing a K x (if m x is odd), one replaces the 
graded piece (G x +rrix)/2 , q(i +mx )/2,x) by the perfect pairing F^ 1+mx ' /2 / K x x 
K x /F^ 1+mx)/2+1 -> C. 

Proof. After Remark |2 . . 5 1 the first four assertions are just local checks 
at x. For see the first, let us suppose that the form q x is represented 

as X\Xi + X 2 Xj__i + • • • + Xi/2 x i/2+l( or X (\-i r i)/2) ^( X i+l X n + x i+2 x n-l + 

• • • + Xi n+i y2 x {n+i)/2+i) in terms of the basis {e^} of the stalk at x of the 
locally free module V x . Then after Hecke modification, if {e^} denote 
the basis of V x , then we have absorbed te'j = ej for j > {n + z)/2 
(one knowns that n — i is being the dimension of is even) to get 

Qx — X\Xi + X2^j_i + ■ ■ • + Xi/2Xi/2+l{ Or / 2 ) (^i+l^n + x i+2 x n-l + 

• • • + X( n+ j)/ 2 X( n+ j)/ 2+ i), which is non-degenerate. Notice that when m x 
is even, we have the following 

{0} C F™* /2 C-.-C^C^CF^C-.-C £1+^/2 = y x 
and when m x is odd, we have 

{0} C Fj 1+m - )/2 C.-.C^C^C^C.-.C p(m x -i)/2 <- 

Here again we see that in the case m^. is odd, the length of the Flag 
has increased by one because p^^ 1 ^ 2 c V x , (but in case m x is even 
we have F^™*^ = V x ). 

For the next assertion, recall that V fits into the short exact sequence 

(5.2.1) -> V -> F -> -> 

Let — )■ X denote the group scheme of the completed parahoric 
orthogonal bundle (V,q, F') with K x (if m x is odd). The operation 
of modification that we have described corresponds (cf [U Section 5.3 
Hecke-correspondences] ) to lifting (V,q,F) to the completed flags 

Bun x {C>c) 



Bun x (O q ) Bun x (Og) 

which is always possible since Bun x (0^) — > Burix(Q q ) is a projec- 
tive morphism and then taking the image by the other arrow. In 
other words, by 15.2.11 it follows that the local automorphisms of V 
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as a parahoric orthogonal bundle that further respect K x on the spe- 
cial fiber and the associated perfect pairings (cf Remark 15.2.81) . fur- 
nish local automorphism of V (the proof is similar to the proof of 
Prop [2TD. 17p . Since we work with a parahoric special orthogonal bun- 
dle (V,q, F, sx) £ Bun x (SO q ) and Bunx(SO q ) is a component of 
BunxiPq) so the lift lies in the component Bunx(SOg) and therefore 

after Hecke- modification, (V,q,F') lies in Bunx(SOq). 

The next assertion is also only a check. Interpreting the parabolic 
degree as in Definition 15.1.21 of W C V intrinsically in terms of W we 
get 

deg(W)+Y^ < dim(Img(^nF* -> ^/^ +1 ))-dim(Img(W' a; m- % K x )). 

xdR l<i<m x 

Now -dim(Img(T^ V x -> i^)) = dim(T^ njmg(K/^ m- K)) - 
rank(iy). The term dim(W / a . D lmg{V x / K x <^-> VQ) can be accounted 
for by defining parabolic degree as 

deg(W) + J2 E «;Mim(Img(^nFj^ j Pi/ j Pi+ 1 )) 

and replacing the weights by at* defined as 

4 + 1 if F l x c ker(T4 K x ) 
a l x if othewise 

Now the weights a' x belong to the interval [1/2, 3/2]. The term — rank(iy) 
can be accounted for by decreasing all the weights by one. The sliding 
of weights does not affect the (semi)-stability properties. Now the new 
weights are exactly a x of Definition 15.2.21 as desired. Now we also see 
that the parabolic degree has remained unchanged, as we have only 
interpreted that of W in terms of W. 

□ 

Remark 5.2.9. One takes parabolic weights in the interval [0, 1] as in 
[Tij Mehta-Seshadri] to specify the ratios of polarisations on Quot x 
Flagvarieties for the purpose of GIT constructions. But for compu- 
tational purposes of (semi)-stability it seems better to formulate the 
condtions with positive and negative weights, for then we can simply 
demand for sub-bundles that parabolic degree (<)0 when the ambient 
bundle has parabolic degree zero (instead of the usual slope condtion). 
This is the choice we have made in this paper, as in [3]. For GIT con- 
structions, one can slide the weights for the purposes of GIT construc- 
tions. Sliding only changes the conditions, but not the (semi)-stability 
property satisfied or not by a bundle. 
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5.3. Passage to generic bundles. Recall for an orthogonal bundle 
(V, q) on P 1 the Mumford invariant fi(V) is defined as h°(V(— l))mod2 
(cf [121 Mumford, page 184]) which is invariant under deformations of 
orthogonal bundles. 

Definition 5.3.1. We say that two orthogonal bundles E and Ei can 
be deformed into each other if there is a connected complex space T, 
an orthogonal bundle on P 1 x T and two points x, y G T such that 
E\ P i x { x } ~ E and E\ P i x{y} ~ E x . 

We also recall 

Theorem 5.3.2. 0, Hulek] Two orthogonal bundles of rank at least 
3 can be deformed into each other if and only if they have the same 
Mumford invariant. 

Another reference for the above is A.Ramanathan [TBI hi) of 9.5.1 
and 9.5.2] for type Bi and Di. This means that every orthogonal bundle 
on P 1 is deformable to either the trivial bundle or C(l)©C(-l)©O ri " 2 . 
For the symplectic case, A.Ramanathan [THl 9.7, hi)] has proved that 
the trivial bundle on P 1 is rigid. This means that any symplectic bundle 
can be deformed to the trivial bundle. 

In [6] Grothendieck proved that a vector bundle V on P 1 has upto 
isomorphism atmost one structure as an orthogonal bundle. Thus the 
obvious necessary condition V ~ V* also becomes sufficient. 

Proposition 5.3.3. The parabolic special orthogonal bundle (V", q, F', a* x ) 

is (semi)-stable if and only if the bundle 

0%i if fi(V) = 

c P i(i)©o P i(-i)©o;r 2 if Kv) = i 

endowed with generic parabolic structure of type (F*,a*) is (semi)- 
stable. A parabolic symplectic bundle (V,q,F*,a*) is (semi)-stable if 
and only if the trivial bundle with generic symplectic parabolic struc- 
ture is (semi)-stable. 

Proof. By Hulek's and Ramanathan's theorems, it follows that (V, q) 
can be put in a T-family over P 1 where the generic member V gen is the 
trivial bundle or 0(1) ®0{— 1) © O n ~ 2 depending upon the Mumford 
invariant in the orthogonal case and the trivial bundle in the symplectic 
case. Since G-bundles are locally isotrivial, so for every parabolic point 
w G R, there is a non-empty open subset T w C T and a neighbourhood 
U w of w, such that the restriction of (V, q) to U w xT w is trivial. Without 
loss of generality, we may assume that T is irreducible and hence T w C 
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T are dense open subets. Thus on the intersection fl^g^T^, C T which 
is non-empty open and dense, the flags {-F*} can be extended for every 
w G R. They can be endowed with the same weights. Thus replacing T 
by ^ W £rT w , we see that (V, q, F', a*) can be put in a family of parabolic 
orthogonal bundles endowed with parabolic structure of type {F',a' x ) 
where the vector bundle underlying a generic object splits is V gen . In 
the following, we replace T by the connected component of C\ w£ rT w 
containing V. 

We first argue for the symplectic case as the group is simply con- 
nected. 

The openess of (semi)-stability in a family is assured by the fact that 
parahoric symplectic bundles correspond to 7r-Sp 2n bundles on some 
cover and for such bundles this follows by general T-bundle theory (cf. 
[1]). So the two open sets corresponding to V such that its underlying 
bundle is V gen and to (semi)-stable V must intersect since Bung is 
irreducible. It follows that the bundle V gen for a generic Lagrangian 
flag supports a (semi)-stable parahoric symplectic structure. 

For the case of parahoric special orthogonal bundles, we have to 
argue a little more because SO n is not simply connected. 

To complete the proof we introduce some notation from [8J. 

Let Qx denote the 'parahoric for SO n at the parabolic points' Bruhat- 
Tits group scheme associated to parahoric special orthogonal bundles 
and let Qx be its lift to the 'parahoric for Spin'' type Bruhat-Tits 
group scheme. The way to do this is explained on [SJ page 513]. Let 
Z* m — > X denote the kernel group scheme of the morphism Q — > Q. 
Now Bung is again disconnected and its components are parametrized 
by H 2 (X, Zf m ) by [8j Lemma 14, part (4) applied to (3) and Lemma 
15], which for our purposes is a certain quotient of H 2 (X, Z' m ) and 
hence finite. Each of its connected components is isomorphic to the 
quotient of Bun^ under the action of H 1 (X, Z* m ). Again since Bun^ 
is smooth, so this quotient is irreducible. This quotient must contain 
a (?-torsor whose underlying bundle is V gen or else it will be a union of 
orbits of non-trivial bundles whose orbits we know are of strictly lesser 
dimension than that of Bung. Thus £/-torsors whose underlying bundle 
is actually V gen will form an open dense subset. Now we can conclude 
as in the symplectic case. □ 



5.4. Recall of Schubert states and Gromov— Witten numbers. 

We recall that R denotes the set of parabolic points. Forju; e R, we 
consider generic complete orthogonal grassmanian G' w on V w . 
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For a subset I = • • • , i r } C {1, • • • , n}, define the Schubert 
variety 

nf(G') = {Le Gr{r, V w )\ dim(L n G i] ) > j for all 1 < j < r}. 

Definition 5.4.1. Let Gr(r, n) denote the Grassmanian of r- dimensional 
isotropic subspaces of a n- dimensional vector space with a non-degenerate 
quadratic form. For subsets I w C {1, • • -n} of cardinality r we denote 
by < {(?i w } we R >d Gromov-Witten numbers defined as the number 
of maps / : P 1 — > Gr(r,n) of degree d such that for w G R we have 
f(w)en° w (G-J. 

The degree d maps from P 1 — > Gr(r,n) correspond bijectively to 
isotropic sub-bundles of rank r and degree — d of the trivial bun- 
dle (endowed with the unique orthogonal structure upto isomorphism 
by Grothendieck's theorem |6J). The Gromov-Witten number counts 
therefore the number of isotropic sub-bundles W of the trivial bundle 
of degree —d and rank r such that the fiber W w , for w G R a parabolic 
point, lies in the Schubert variety VL° w {G' w ). 

We now describe a slight generalisation of Gromov-Witten numbers 
( for more details cf. also jH Sections 1.5 and 3]) to also treat the bundle 
(9(1) © 0(—l) © O n ~ 2 . So more generally let W be a vector bundle on 
P 1 such that W* ~ W. Define Gr(d,r,W) to be the moduli space of 
isotropic sub-bundle of W of rank r and degree d. For p G P 1 , define 
projection maps tt p : Gr(d, r, W) — > Gr(r, W p ) to the fiber of W at p. 
We call a Schubert State 3 = (d, r, W, {I w }weR> where I w C {1, • • • , n} 
of cardinality r and d is an integer. For a Schubert state 3 define < 3 > 
to be the number of points in the intersection (if finite and otherwise) 

n°(?,W,G') = n^RTr-^fjG'J] C Gr{d,r,W). 

In the case W is the trivial bundle, the number < 3 > corresponds to 
the usual Gromov-Witten invariants. It counts the number of isotropic 
sub-bundles U of degree —d and rank r of W such that the fiber U w 
lies in the Schubert variety flf (G^ ). 

Remark 5.4.2. In [3], if dim(J) ^ then one defines < 3 >= 0. We 
shall not do so to be able to handle stability. 

Remark 5.4.3. We wish to explain the relevance of Gromov-Witten 
number being one in the context of semi-stability. If it is more than one 
or infinity for some Schubert state, then the associated isotropic sub- 
bundles can never be destabilizing in the sense of Harder-Narasimhan 
for any choice of weights, as they will have the same rank and the 
same parabolic degree which are completely determined by the Schu- 
bert states. In fact for any choice of weights, there will always be a 
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even more destabilizing isotropic sub-bundle by the existence assertion 
in Harder-Narasimhan theorem. . Hence to check semi-stability, we 
can restrict our attention to those of GW number one. On the other 
hand, if for some choice of weights, a particular sub-bundle is max- 
imal destabilizing then its GW number must be one by definition of 
maximal destabilizing. 

5.5. Formulation of inequalities. We refer the reader to Proposition 
15.2.11 and 15.3.31 for the notations. In particular a* are deduced from a* 
as in Definition 15.2.21 

Let Xi w {a*J denote £ ie / w c^. 

Theorem 5.5.1. There exists a semi-stable (resp. stable) parahoric 
special orthogonal bundle with parabolic datum {F', a* } we # if and 
only if either of the following conditions holds 

(1) given any 1 < r < n/2 and any choice of subsets {I w } w eR °f 
cardinality r of {1, • • ■ ,n}, whenever < {&i w } wi =r >d= 1 then 

E^AU«;)-d(<)o. 

(2) Let W = 0(1) © 0{-l) © O n ~ 2 . For every Schubert State 
3 = (d, r, W, {I w }w£r), whenever < 3 >= 1, then for /„, G 3, 
we should have Y, w&R \i w (a m w ) - d(<)0. 

Similarly, for stability either of the following conditions should hold 

(1) whenever < {a Iw } weR > d ^ or is oo then J2 we R ^i«(&w) ~ d < 
0. 

(2) whenever < 3 >^ or is oo, then for I w G 3, we should have 
E™efiAUS;)-d<0. 

Proof. Without loss of generality we may assume that the parabolic 
degree of the ambient bundle is zero. We first deal with semi-stability. 
By Proposition 15. 2. II the bundle (V, q, F*, a') is semi-stable if and only 
if (V, q, F*, a') is semi-stable, which by Proposition 15.3.31 and its proof 
is semi-stable in the sense of Definition 15.2.21 if and only if the vector 
bundle V gen is semi-stable as a parahoric special orthogonal bundle with 
parabolic weights a* w on generic orthogonal flags at points G R. 

Suppose that the inequality corresponding to {o~i w } w( zr for = r 
and degree d is violated. We can move to generic flags at by the open- 
ness of semi-stability. Since the intersection number < {o~i w } we R >d^ 
0, so we will find an isotropic sub-bundle W of rank r and degree d 
of a (semi)-stable parabolic bundle V gen *, with underlying bundle V gen , 
such that the fibers of W at pi are in £lf. (G*). Moreover it is readily 
checked that the parabolic degree of W is exactly ^2 weR Xi w (a* ) — d. 
The violation of the inequality means that V gen * is not semi-stable, 
which means that the original bundle was itself not semi-stable. 
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Conversely suppose that the inequalities are valid, but that V gen with 
parabolic special orthogonal structure on generic flags, denoted V genif , is 
not (semi)-stable in the sense of Definition l5.2.2l We fix a generic para- 
horic structure. Since we have proved in Theorem 12.0. 141 that parahoric 
orthogonal bundles correspond to vr-O n , so Harder- Narasimhan nitra- 
tions exist for parahoric orthogonal bundles. Thus HN nitrations also 
exist for parahoric special orthogonal bundles. Let W be the unique 
destabilizing isotropic sub-bundle of V gen * of degree dw and rank r. 
Let I w be the set of cardinality r consisting of ik where is the least 
number in {1, • • • , n} such that dim(G^ fl W w ) is k, as k varies from 1 
to r. Note that the Gromov-Witten number < {<7i w } w <=r >d w = 1 be- 
cause firstly W exists and secondly because there is no sub-bundle M 
of degree dw and rank r with fibers in Qf (G^) for w G R. If such a M 
were to exist then we would have pardeg(M) > pardeg(W). Now the 
uniqueness conclusion in the Harder-Narasimhan theorem implies that 
pardeg(M) = pardeg(W), this forces M = W since both have the same 
rank r. Since the intersection number is one, so in the set of inequal- 
ities there is one that corresponds to {I w } w <=r. Now pardeg(W) > 
contradicts that inequality. 

For stability notice that as one varies over the choices of Schubert 
states on parabolic points, the parabolic degree and therefore the par- 
abolic slope remain invariant. Now the assertion follows owing to the 
fact that the Gromov-Witten numbers are computable if they are finite 
and algorithmically one can know if they are infinite. □ 

Similarly we get 

Theorem 5.5.2. There exists a semi-stable parahoric symplectic bun- 
dle with parabolic datum {F*, a'} w€ R if and only if given any 1 < r < 
n/2 and any choice of subsets {I w } we R of cardinality r of {1, • • • , n}, 
whenever < {a Iw } weR > d = 1 then X^^A^a*) ~ d(<)0. Similarly, 
for stability whenever < {a Iu } weR > d ^ or is oo then J2 W ^R ~ d < 

0. 

Remark 5.5.3. The Gromov-Witten numbers are computable for any 
G/P where P is any parabolic subgroup (cf. introduction to [T9| 
Teleman- Woodward] where the reference given is [201 Woodward]). 

The following proposition is a slight generalisation of a proposition 
of Ramanathan [15, Prop 7.1]. For the sake of completeness we give 
the proof because though 7r-semi-stability is equivalent to semi-stability 
but 7r-stability is weaker than stability. 

Proposition 5.5.4. Let G and H be reductive algebraic groups and 
: G — > H be a surjective homomorphism. Let £ be a n-G bundle 
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and E' the tt-H -bundle obtained by extension of structure group by (f>. 
Then if E' is 7r-stable (resp 7r-semi-stable) then E is 7r-stable (resp tt- 
semi-stable). If further N = ker0 C Z then conversely if E is -zr-stable 
(resp. 7r-semi-stable) then E' is 7r-stable (resp. 7r-semi-stable). 

Proof. Suppose that E' is 7r-stable and that E is not. Then E admits a 
7r-reduction to a maximal parabolic subgroup P such that the stability 
condition is violated. This reduction gives a 7r-reduction of E' to <fi(P), 
which would be a maximal parabolic subgroup of H, violating the 
stability conditions for E' . Conversely, suppose that E is 7r-stable 
and E' has a 7r-reduction to a maximal parabolic P' of H. We put 
P = </> _1 (P'), which is a maximal parabolic subgroup of G. We wish 
to show that there is a 7r-reduction of E to P giving the 7r-reduction of 
E 1 to P' . By the commutative diagram 

1 >- N >- G »- 1 

1 ^ N P P' ^ 1 

where the leftmost vertical arrow is an isomorphism, we get 

H l (Y, 7T, N) >- H\Y, tt, G) H\Y, tt, H) »- H 2 (Y, tt, N) 



H\Y, tt, N) > H\Y, tt, P) > H\Y, tt, P') » H 2 (Y, tt, N) 

where the first and the last vertical arrows are isomorphisms. Since 
E' arises from E G H X (Y, tt, G), so the tt-P' bundle correponding to 
the 7r-reduction of E' to P' comes from a F G H X {Y, tt, P). The group 
H 1 {Y,tt,N) acts on H 1 {Y,tt,P) and we can make the image of F to 
be E by acting by a suitable element. □ 

Remark 5.5.5. By Proposition 15.5.41 the question of determining the 
existence of a (semi)-stable parahoric Spin n bundle reduces to the ques- 
tion of existence of a parahoric SO„ bundle, which has been answered 
by Theorem 15.5.11 For this we only have to note that the conjugacy 
classes of Spin n determine conjugacy classes of SO„. 

5.6. Cross-checks. For the convenience of the reader we recall 

Theorem 5.6.1. [3], Thm 7, Belkale] Let {A w } w( z R be conjugacy classes 
in SU n . Then there exists A w G SU n with conjugacy class A w and 
Y[ A w = Id if and only if given any 1 < r < n and any choice of subsets 
I w of cardinality r and if < a Iw > d = 1 then Y^weR ^iwiAv) - d(<)0 
holds. 
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The above theorem equivalently gives necessary and sufficient condi- 
tions for the existence of (semi)-stable parahoric SL n -bundles. It is in 
this form that we shall use it in the following remarks that cross-check 
these conditions with those of Theorem 15.5.11 for the case of exceptional 
low rank isomorphisms. 

Example 5.6.2. We wish to show that Belkale's conditions [31 Thm 
7] agree with those in Theorem 15.5.11 for the case of exceptional homo- 
morphism SL2 — > SO3. By Proposition 15.5.4"! the question of existence 
of semi-stable parahoric SL2 bundle is equivalent to that of existence of 
semi-stable parahoric SC>3-bundle. Let V be a parahoric SL2-bundle on 
P 1 . Let W be a parahoric sub-bundle of V (we could think of W as a 
genuine sub-bundle of V on a suitable cover). For simplicity let us first 
take the case of one parabolic point p and assume that we have weights 
< a p < (3 P < 1 and one vector space F p C V p as flag. Since the 
bundle is parahoric SL 2 , so a p + j5 p = 1. We get the isotropic bundle, 
namely the image of W ® p W V Cg> p V — > Sym 2 ^ (here we take par- 
abolic tensor product <g) p ) denoted ® p W '. By general theory one knows 
that 2pardegW / = pardeg ® 2 W and given an isotropic S0 3 -parahoric 
sub-bundle of §ym 2 V we can obtain a finite number of SL2-parahoric 
sub-bundle of V. Hence W is a maximal destabilizing sub-bundle of 
V if and only if ® p W is a maximal destabilizing isotropic sub-bundle 
of Sym 2 ^. This takes care of the Gromov-Witten numbers being one 
is both cases. Recall that parahoric G-bundles correspond to repre- 
senations of T — > G. So it follows that the weights of Sym 2 ^ would 
become a' = 2a and /?' = 2/3 — 1. In view of Remark 15.2.71 it suffices 
to work with them. Notice that we have a' + /3' = 1. Let us calculate 
the underlying degree of ® p W. Let —d be the underlying degree of W. 
The parabolic degree of W is 

-d + f3 p if w p nF p ^{o} 

-d + a p if W p D F p = {0} 

The parabolic degree of in the first case would be 2(— d + (3 P ) = 
— (2d—l)+f3' . This means that the underlying degree of CgipW is — (2d— 
1). Also Sym 2 ^ would endow with a flag consisting of a single 

vector space of dimension one and weight (3' p . Similarly in the second 
case, the underlying degree is —2d and the weight is a! . We recall that 

by Proposition 15.2.11 (7), we have pardeg(®pW / ) = pardeg(®pW / ), the 
latter being calculated by our conditions. Now conditions in Theorem 
15.5.11 are just the conditions of [3j Thm 7] multiplied by the factor of 
two. For more than one parabolic point, we need only further remark 
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that the underlying degree of ® 2 W is — (2d — k) where k is the number 
of points p G R such that W p fl F p ^ {0}. We see that after taking the 
parabolic tensor ® 2 W ', the loss in weights is compensated by the gain 
in the underlying degree. 

Example 5.6.3. We now wish to treat the case SL 4 — > SOq. By 
Proposition 15.5.41 the question of existence of semi-stable parahoric 
SL4 bundle is equivalent to that of existence of a semi-stable parahoric 
S0 6 -bundle. Let V be a parahoric SL 4 -bundle with a parahoric sub- 
bundle W. If W is a destabilizing line sub-bundle, then V admits 
a destabilizing quotient bundle of rank three. Thus A 2 V admits a 
destabilizing quotient (hence sub-bundle) of rank three. On the other 
hand, if rankW 7 = 2 and destabilizing then we get A 2 W a destabilizing 
line sub-bundle of A 2 V. If W is of rank 3 and destabilizing then we 
get a sub-bundle of A 2 W ■=->■ A 2 V of rank 3. It follows from general 
theory there is a finite to one map from sub-bundles of V to parahoric 
sub-bundles of rank one and three of the second parabolic exterior 
bundle A 2 V . For the case of isotropic sub-bundles W\ of A 2 V of 
rank two, it can be seen by going to a suitable ramified cover (which 
is completely determined by the parabolic datum), that W\ can be 
put in exactly two isotropic sub-bundles of rank three corresponding 
to the inverse image in of the two isotropic line sub-bundles of 
W-^/Wi, which is a rank two quadratic bundle. Hence isotropic sub- 
bundles of rank two do not correspond to reduction of structure group 
to maximal parabolics. Hence as far as (semi)-stability is concerned, 
we need to only consider sub-bundles of A 2 V of rank one and three. 
If rankW 7 = 2 then, pardegW 7 = pardegA 2 W , if rankW 7 = 3 then 
2pardegiy = pardegApH 7 . Thus W is maximal destabilizing for V if 
and only if A 2 W is maximal destabilizing for A^V. This takes care of 
the Gromov-Witten number being one. Suppose that V has weights 
< a 1 < a 2 < a 3 < a A < 1 (we allow weights to repeat as many times 
as their multiplicity for notational simplicity). If {a 1 } are the weights 
appearing for W, then weights for A 2 p W are 

o? + a j if < a 1 + a? < 1 
o? + a j - 1 if 1 < a 1 + a j < 2 
a 1 + a j - 2 if 2 < a* + a j < 3. 

In view of Remark 15.2.71 it suffices to work with them. Similarly the 
underlying degree of A 2 W is equal to the underlying degree of A 2 W + 
j + 2k where j is the number of occurences of case two and k of case 
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three. Recall that by Proposition 15.2.11 (7), we have pardeg(Apiy) = 

pardeg(ApW / ), the latter being calculated by our conditions. In the 
case of rankW 7 = 2 we see that conditions of [3, Thm 7] work out to 
the same for Theorem 15.5.11 and in case rankle = 3, they are exactly 
half. 

Example 5.6.4. We treat the case Sp 4 — > SO5. By Proposition 15.5.41 
the question of existence of a semi-stable parahoric Sp 4 bundle is equiv- 
alent to that of existence of a semi-stable parahoric SOs-bundle. So let 
(V, q) be a rank 4 parahoric symplectic bundle. By going to a Galois 
cover Y — > P 1 , we see that A 2 V will split as the direct sum W © Opi, 
where W is a rank 5 parahoric orthogonal bundle. This is because on 

Y we would have Oy — > A 2 V* — > A 2 V. A destabilizing isotropic 
line sub-bundles L of V, would give a destabilizing rank 3 quotient 
Q, which upon taking the parabolic second exterior A^ would give 
ApV A 2 Q. Now A 2 Q is of rank 3 again, and so would give a rank 
two isotropic sub-bundle of W which would be destabilizing again. On 
the other hand, rank two isotropic sub-bundles U of V correspond to 
isotropic line sub-bundles A 2 U of W. Now pardegf/ = pardegA^?/, so 
U would be maximal destabilizing for V if and only if A 2 U would be 
maximal destabilizing for W. This takes care of the Gromov-Witten 
numbers being one. For simplicity, we treat the case of one para- 
bolic point p. If the weights at p of V are {a 1 }, by the description 

map between the 
maximal tori it follows that the weights of W would be 

a 1 + a j if < a 1 + a 3 < 1 
a 1 + a j - 1 if 1 < ot + a j < 2. 

In view of Remark 1 5. 2. 71 it suffices to work with them. The underlying 
degree of A 2 U would be deg U in the first case and deg U + 1 in the 
second. Recall that by Proposition 15.2.11 (7), we have pardeg(ApfJ) = 
pardeg(A2[/), the latter being calculated by our conditions. We see 
that the conditions for (semi)-stability in Theorem 15.5.11 work out to 
the same for V and for W. The loss in weight is compensated by the 
gain in underlying degree. The case of many more than one parabolic 
points is similar. 
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